ABSTRACT. We show that "almost all" fully invariant congruences on every free completely regular semigroup commute. From this it is shown that the lattice of completely regular semigroup varieties is arguesian.
I. INTRODUCTION AND SUMMARY
A completely regular semigroup is a semigroup which is a union of groups. If S is a completely regular semigroup and a E S, then a belongs to a unique maximal subgroup Ha of S; we denote by aO the identity element of Ha and by a -I the inverse of a in Ha' Obviously a completely regular semigroup can be viewed as an algebra of type (2, 1), where -I is the unary operation. Completely regular semigroups satisfy, apart from the associative law, the identities
Conversely, if S belongs to the variety CR consisting of the algebras of type (2, 1) satisfying the associative law and the identities (I), then S is a completely regular semigroup and for a E S, a -1 is the inverse of a within the maximal subgroup of S to which a belongs. We shall therefore consider the class of completely regular semigroups to be a variety of algebras of type (2, 1) satisfying the associative law and the identities (1). In the presence of the identities (1) we shall use the notation XO = xx -1 = X -1 x. We denote by U the variety of algebras of type (2, 1) where the associative law holds. The algebras of U will be called unary semigroups. Thus, CR is a subvariety of U.
A band is a semigroup in which every element is an idempotent. Thus a band is a union of trivial groups and the class of bands is a subvariety B of CR consisting of the unary semigroups satisfying, apart from the associative law, the identities The class SL of commutative bands forms a subvariety of B and a member of SL will be called a semi/attice. The variety CS of completely simple semigroups is the subvariety of CR consisting of the completely regular semigroups which satisfy the additional identity
The variety G of groups is the subvariety of CS which satisfies the additional identity . Let X be a countable set and Fx(U) the free unary semigroup on X. If V is a subvariety of U then the least congruence P on Fx(CR) , such that Fx(U)/ P E V is a fully invariant congruence of Fx(U) , which will be denoted by p v . If P is a fully invariant congruence on Fx(U) , then the variety generated by Fx(U)/ P will be denoted by Vp. For any completely regular semigroup S , let C(S) be the lattice of fully invariant congruences on S. Let us denote by [PeR) the dual ideal of C(Fx(U)) generated by PeR. It is well known that (5) V --. Pv' and (6) are mutually inverse dual isomorphisms. From the above it now follows that [PeR) is the disjoint union of the two intervals [Pes' PT] and [PeR' ps L ] .
In this paper we shall show that for every completely simple semigroup S, C(S) is a lattice of commuting congruences. As a consequence the interval [Pes' PT] is a lattice of commuting congruences. We shall also show that the interval [PeR' PSL] is a lattice of commuting congruences. Thus [PeR' psd and [Pes' PT] are linear in the sense of [6] . However, as we shall show, it is not true that every element of [Pes' PT] commutes with every element of [PeR' ps L ]· Nevertheless the above results together with the fact that SL is a neutral element in ~(CR) [7] entail that ~(CR) is arguesian by [9] . In particular, ~(CR) is modular. The same result is obtained in [12] , the proof of which is based on the more involved main theorem of [17] .
In the following we shall use without further notice the terminology, notation and basic results of [3, 14, 15] .
THE FULLY INVARIANT CONGRUENCES ON FX(CR) DO NOT COMMUTE
If V is any subvariety of CR, then we can identify Fx(U)/ Pv with the free object Fx(V) in V on the set X. Thus the elements of Fx(V) are of the form uPv' u E Fx(U). In order to avoid this cumbersome notation we shall write u instead of uPv. We recall that for any u E Fx(V) the subgroup (u) generated by u consists of the elements un , n E Z; the notation un , n E Z, is now perfectly unambiguous.
We start with the negative result announced above. 
.0 n Jr = 0 n Jr ~ kerp = ker 0 . 
Hence, putting (10)
we have that
in the lattice Eq(S). It now suffices to show that y = (.0 n 9) V (0 n 9) in the lattice of congruences on S. For this it suffices to show that the equivalence y of (10) is actually a congruence on S.
Let a y b for some a, b E S. Then there exists a positive integer nand We proved that 8 0 p <;;; p 0 8. By symmetry the equality prevails.
Theorem 4. The fully invariant congruences on a completely simple semigroup commute.
Proof. Let S be a completely simple semigroup and p a fully invariant congruence on S. For e, f E S, the mapping
is an endomorphism of S. From this it follows that either
From this and its dual we have that the following four possibilities may occur: either (i) tr p is the equality on E(S), From the above it follows that .5t:"(CS) is modular. This result was also proved in [7] .
. .5t:"(CR) IS ARGUESIAN
The free unary semigroup F t (U) can be considered to be a subset of the free monoid M on the set Xu {(, )-I}. For u E Fx(U) with u = vw in M we say that v is an initial segment of u and w is a final segment of u. The following is a reformulation of the solution of the word problem for the free band Fx(B) (see, e.g., [8] ).
For a fully invariant congruence P on Fx(U) we define Po and PIon Fx(U) by the following. For a, bE Fx(U) we have aPob~upv, We now assume that k > 1 and that (Sr) is satisfied whenever r < k.
Assume that for u, v, w E Fx(U) and p, 8 E [PeR' PB] we have u P v 8 w
and
Obviously (12) 
s(u) Po s(v) 8 0 s(w)
with Po' 8 0 E [PeR' PB] by Proposition 7. By the induction hypothesis there exists p E Fx (U) such that (13) 
s(u) 8 0 p Po s(w).
From Po S;;; PS L and 8 0 S;;; P SL it follows that
c(s(u)) = c(p) = c(s(w))
and so (14 ) and for ayE X we must have
From (16) 
s(u)x) u(yd(u)) (}lpCR (px) u(yq) .
Similarly we can show from (15) and (18) For
in other words, h (u) and t( u) are respectively the first and the last letters which appear in u.
In the following LNB stands for the variety of all left normal bands.
Proposition 9. Let P be a fully invariant congruence on Fx(U) such that P
E [PCR ' psd· Then (i) if Po ~ PS L ' then Po
is a fully invariant congruence on Fx(U) such that P ~ Po and Po is the greatest congruence on Fx(U) such that pol P is contained in the 9t -relation on F x (U) I P ,
, then Po n P SL = hNB and hNBI P is the 9t-relation on
Fx(U)1 P, (iii) if Po ~ P SL and u P v with h(u) =I-h(v) for some u, v E Fx(U) , then
Po n PS L = PS L and psd P is the /It-relation on Fx(U)1 p.
Proof. The proof follows immediately from Lemmas 5 and 6 of [16] , Lemmas 6 and 7 of [12] and the results of [13] (see also [11] ).
The variety of right normal bands will be denoted by RNB, the variety of normal bands by NB.
The following result is well known.
Proposition 10. For u, v E Fx(U) we have
Proof. See, e.g., II.3 of [15] .
Lemma 11. Let P and e be fully invariant congruences on Fx(U) such that p, e E [PCR' psd and u P v e w for some u, v, w E Fx(U) with t(u) =I-t(v) and h(u) =I-h(v) or h(v) =I-h(w). Then there exists t E Fx(U) such that uetpw. Proof. Assume first that h(u) =I-h(v) and t(u) =I-t(v). By Proposition 10 we
have tr pi PCR = tr Psd PCR' thus tr pi PCR ~ tr e I PCR' By Proposition 3 it follows that poe = eo P and so there exists a (E Fx(U) with u e t P w. 
Assume next that h(v) =I-h(w) and ((u) =I-t(v). Since h(v) =I-h(w)
. By Proposition 9(iii) we have that psd P is the !.ll-relation on Fx(U)1 P so that by Proposition 10 we have that u°!.llw. Further, t(u) = t(w) entails that u°2"w in Fx(U)lp by Proposition 10. We thus obtain uo Jf" w in F x (U) I P and we can proceed further as in Case I.
nJf") wu plpCR w and using Proposition 2(ii) we find atE Fx(U) such that u 8 t P w.
deals with a situation which is the dual of Case 2, whereas the case h(u) = h(w), t(v) -f:. t(w) is the dual of Case 3.
We can discern several cases all of which are handled by Lemma 11. It suffices to prove (T k ) for every k. We give a proof by induction on k. The proof for (T j ) is the same as the proof for (Sj) in the proof of Proposition 8.
We now assume that k > 1 and that (Tr) is satisfied whenever r < k.
Assume that u, v, w E Fx(U) and p, e E [PeR' psd such that u P v e w and Ic (u) 
so that (28) where by Proposition 9 Po n PS L ' 8 0 n PSL E [PeR' psd. By the induction hypothesis there exists P E Fx(U) such that (29) In a dual way we can show that there exists q E Fx(U) such that (30) The remainder of the proof is now similar to the proof of the induction step in the proof of Proposition 8.
Po cz. PSL: either Proposition 9(ii) or Proposition 9(iii) apply. Again [4] or [5] it follows that the lattice 2'(B) of all band varieties is distributive. From [18] we know that B is a neutral element in Remark 17. In [6] , Haiman established an infinite sequence of identities satisfied by linear lattices (i.e. lattices representable by commuting equivalences) but not by all arguesian lattices. From our results it follows that .2"(CR) satisfies all these identities.
Problem. Theorem 4 and Theorem 14 support the following conjecture: if S is a completely regular semigroup, 9 the least semilatt:ce congruence on Sand p, () fully invariant congruences on S such that p, () ~ 9 , then po () = () 0 p .
